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We use the spin functional renormalization group recently developed by two of us [J. Krieg and
P. Kopietz, Phys. Rev. B 99, 060403(R) (2019)] to calculate the magnetization M(H,T ) and the
damping of magnons due to classical longitudinal fluctuations of quantum Heisenberg ferromagnets.
In order to guarantee that for vanishing magnetic field H → 0 the magnon spectrum is gapless
when the spin rotational invariance is spontaneously broken, we use a Ward identity to express
the magnon self-energy in terms of the magnetization. In two dimensions our approach correctly
predicts the absence of long-range magnetic order for H = 0 at finite temperature T . The magnon
spectrum then exhibits a gap from which we obtain the transverse correlation length. We also
calculate the wave-function renormalization factor of the magnons. As a mathematical by-product,
we derive a recursive form of the generalized Wick theorem for spin operators in frequency space
which facilitates the calculation of arbitrary time-ordered connected correlation functions of an
isolated spin in a magnetic field.
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I. INTRODUCTION
Recently two of us have proposed a new approach to
quantum spin systems based on a formally exact renor-
malization group equation for the generating functional
of the connected spin correlation functions.1 Our method
works directly with the physical spin operators, thus
avoiding any representation of the spin operators in terms
of canonical bosons or fermions acting on a projected
Hilbert space. A similar strategy was adopted half a
century ago by Vaks, Larkin, and Pikin (VLP),2,3 who
developed an unconventional diagrammatic approach to
quantum spin systems based on a generalized Wick the-
orem for spin operators. A detailed description of this
approach can be found in the textbook by Izyumov and
Skryabin.4 It turns out, however, that the diagrammatic
structure of this approach is rather complicated, which is
perhaps the reason why this method has not gained wide
acceptance. As pointed out in Ref. [1], by combining the
VLP approach2,3 with modern functional renormaliza-
tion group (FRG) methods,5–7 we can reduce the prob-
lem of calculating the spin correlation functions to the
problem of solving the bosonic version of the Wetterich
equation8 with a special initial condition determined by
the SU(2)-spin algebra. Our spin functional renormaliza-
tion group (SFRG) approach is an extension of the lattice
non-perturbative renormalization group approach devel-
oped by Machado and Dupuis9 for classical spin models,
and by Ranc¸on and Dupuis10–14 for bosonic quantum lat-
tice models. Another FRG approach to quantum spin
systems is the so-called pseudofermion FRG,15–18 which
uses the representation of spin-1/2 operators in terms of
Abrikosov pseudofermions19 to approximate the renor-
malization group flow of spin-1/2 quantum spin systems
by a truncated fermionic FRG flow.7 The pseudofermion
FRG has been quite successful to map out the phase
diagram of various types of frustrated magnets without
long-range magnetic order.15–18 In contrast to the pseud-
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2ofermion FRG, our SFRG can be used for arbitrary spin
S because it does not rely on the representation of the
spin operators in terms of auxiliary degrees of freedom.
As a first application of our SFRG approach, in
Ref. [20] we have shown how Anderson’s poor man’s scal-
ing equations for the anisotropic Kondo model emerge
from a simple weak coupling truncation of the SFRG flow
equations for the irreducibles vertices of this model. Our
ultimate goal is to develop the SFRG method into a quan-
titative tool for studying quantum spin systems which is
valid both in the magnetically ordered and the disordered
phases. To realize this program, it is important to test
the method for model systems where the physics is well
understood and quantitatively accurate results can be
obtained by means of other methods. Here we will use
the SFRG to study the spin-S ferromagnetic quantum
Heisenberg model in two dimensions. At any finite tem-
perature T > 0 the magnetization M(H,T > 0) of this
model is rigorously known21 to vanish when the external
magnetic field H approaches zero, so that conventional
spin-wave theory breaks down for H → 0. If we never-
theless try to calculate the magnetization for H = 0 per-
turbatively, we encounter infrared divergencies signalling
the breakdown of perturbation theory.22
Theoretical investigations of quantum Heisenberg fer-
romagnets in two dimensions have a long history. In the
1980s several approximate analytical methods have been
developed to calculate the thermodynamics and the spec-
trum of renormalized magnons at finite temperature. For
example, in Takahashi’s modified spin-wave theory23,24
the vanishing of the magnetization for H = 0 is en-
forced by adding an effective chemical potential to the
magnon spectrum which regularizes the infrared diver-
gence encountered in perturbation theory. Note, how-
ever, that for finite magnetic field H this strategy is not
applicable because then the magnetization does not van-
ish. One possibility to generalize Takahashi’s modified
spin-wave theory for finite magnetic field is to consider
the spin-wave expansion of the Gibbs potential for fixed
magnetization.25 Another useful method is based on the
representation of the spin operators in terms of Schwinger
bosons.26 This representation maps the exchange inter-
action between spins onto a quartic boson Hamiltonian
with an additional constraint on the physical Hilbert
space. Often a simple mean-field treatment of the result-
ing effective boson problem gives already sensible results,
so that Schwinger boson mean-field theory continues to
be a popular analytical method for studying spin sys-
tems without long-range magnetic order. However, going
beyond the mean-field approximation is rather difficult
within the Schwinger boson approach.27–30 Another ana-
lytical approach to quantum ferromagnets is based on the
decoupling of the equations of motion for the Green func-
tions of the spins.31–33 Of course, the physical properties
of quantum ferromagnets can be obtained with high ac-
curacy numerically using Monte Carlo simulations.34–36
In Ref. [35] the correlation length and the susceptibil-
ity of a two-dimensional quantum Heisenberg ferromag-
net have been calculated via a special implementation
of the momentum-shell Wilsonian renormalization group
(RG) technique using the Holstein-Primakoff transforma-
tion to express the spin operators in terms of bosons. At
the level of a one-loop approximation the results for the
correlation length and the susceptibility agree with mod-
ified spin-wave theory23,24 and Schwinger boson mean-
field theory,26 but the two-loop corrections have been
found to modify the one-loop results.35 In the present
work we will show that the one-loop flow equations de-
rived in Ref. [35] can be obtained in a straightforward
way within our SFRG formalism from a truncated flow
equation for the magnetization. We then use the SFRG
to derive an improved flow equation for the magnetiza-
tion which takes into account self-energy and vertex cor-
rections neglected in Ref. [35]. Moreover, we will also
calculate the damping of spin-waves due to the coupling
to classical longitudinal spin fluctuations. This decay
channel of magnons is neglected in conventional spin-
wave theory where the longitudinal fluctuations are not
treated as independent degrees of freedom.
The rest of this work is organized as follows. In Sec. II
we define a new hybrid generating functional ΓΛ[m, φ]
depending on the transverse magnetization m as well
as on a longitudinal exchange field φ and show that this
functional satisfies the Wetterich equation.8 In Sec. III we
give the general structure of the expansion of ΓΛ[m, φ] in
powers of the fields and explicitly write down the exact
flow equations for the magnetization and the two-point
vertices. Sec. IV is devoted to the explicit calculation of
the magnetization M(H,T ) of a two-dimensional Heisen-
berg ferromagnet. We establish the relation of our SFRG
approach to the momentum shell RG of Ref. [35] and
go beyond this work by including self-energy and vertex
corrections. In Sec. V we calculate the damping of spin
waves in two-dimensional ferromagnets due to the cou-
pling to classical longitudinal fluctuations. In Sec. VI
we summarize our main results and point out possible
extensions of our method.
In three appendices we give additional technical de-
tails. In Appendix A we write down equations of motion
for the time-ordered connected spin correlation functions
and derive a Ward identity which we use in the main text
to close the flow equation for the magnetization. In Ap-
pendix B we give the time-ordered connected spin corre-
lation functions of a single spin in an external magnetic
field containing up to four spins and derive the corre-
sponding irreducible vertices; we also present a simple
recursive form of the generalized Wick-theorem for spin
operators in frequency space. Finally, in Appendix C
we derive initial conditions for the irreducible vertices in
tree-approximation where all terms involving loop inte-
grations over momenta are neglected.
3II. EXACT FLOW EQUATIONS FOR
QUANTUM SPIN SYSTEMS
In this section and in the following section III we con-
sider a general anisotropic Heisenberg Hamiltonian of the
form
H = −H
∑
i
Szi +
1
2
∑
ij
[
J⊥ijS
⊥
i · S⊥j + JzijSzi Szj
]
, (2.1)
where the external magnetic field H is measured in units
of energy, S⊥i = (S
x
i , S
y
i ) is the transverse part of the
spin operator Si, and J
⊥
ij and J
z
ij are transverse and lon-
gitudinal exchange couplings. In Sec. IV we will consider
isotropic ferromagnets by specifying J⊥ij = J
z
ij = −Vij <
0, but at this point we work with general anisotropic ex-
change couplings. Following Ref. [1], we now modify the
Hamiltonian (2.1) by replacing J⊥ij and J
z
ij by deformed
exchange couplings depending on a continuous parame-
ter Λ,
J⊥Λ,ij = J
⊥
ij +R
⊥
Λ,ij , J
z
Λ,ij = J
z
ij +R
z
Λ,ij , (2.2)
where the regulators R⊥Λ,ij and R
z
Λ,ij should be chosen
such that for some initial Λ = Λ0 the deformed model
can be solved in a controlled way, and for some final
value of Λ the regulators vanish so that we recover our
original model. For example, Λ can be a momentum
scale acting as a cutoff for long-wavelength fluctuations,
or simply a dimensionless parameter in the interval [0, 1]
which multiplies the bare interaction. At this point, it
is not necessary to specify the deformation scheme. Let
us write the deformed Hamiltonian in the form HΛ =
H0 + VΛ, where
H0 = −H
∑
i
Szi (2.3)
is the Hamiltonian of isolated spins in a constant mag-
netic field and
VΛ = 1
2
∑
ij
[
J⊥Λ,ijS
⊥
i · S⊥j + JzΛ,ijSzi Szj
]
(2.4)
represents the coupling between the spins. The gener-
ating functional of the deformed Euclidean time-ordered
spin correlation functions can then be written as1
GΛ[h] = ln Tr
[
e−βH0T e
∫ β
0
dτ [
∑
i hi(τ)·Si(τ)−VΛ(τ)]
]
.
(2.5)
Here β is the inverse temperature, T denotes time-
ordering in imaginary time, hi(τ) are fluctuating source
fields, and the time dependence of all operators is in the
interaction picture with respect to H0. By simply taking
a derivative of both sides of Eq. (2.5) with respect to Λ we
can derive an exact functional flow equation for the gen-
erating functional GΛ[h]. Moreover, the Legendre trans-
form of GΛ[h] satisfies an exact functional flow equation
which is formally identical to the bosonic version of the
Wetterich equation.1,8 A technical complication of this
method is that in a scheme where initially the exchange
couplings are completely switched off the Legendre trans-
form of GΛ=0[h] does not exist1,14 because in this limit
the longitudinal spin fluctuations do not have any dy-
namics. In Ref. [1] we have already pointed out that
this problem can be avoided by working with the gener-
ating functional of the amputated connected correlation
functions. Here we show how this idea is implemented
in practice. Actually, because only the longitudinal fluc-
tuations are initially static, it is convenient to introduce
a hybrid functional FΛ[h⊥, s] which generates connected
correlation functions for transverse fluctuations, but am-
putates the external legs associated with the longitudinal
fluctuations. Formally, this functional can be defined by
FΛ[h⊥, s] = GΛ
[
h⊥i , h
z
i → −
∑
j
JzΛ,ijsj
]
− 1
2
∫ β
0
dτ
∑
ij
JzΛ,ijsi(τ)sj(τ), (2.6)
where h⊥i = (h
x
i , h
y
i ) is a transverse magnetic source field,
and si(τ) is a longitudinal source field which can be in-
terpreted as a fluctuating magnetic moment in the di-
rection of the external field. Note that a similar hybrid
functional of “partially amputated connected” correla-
tion functions has been introduced earlier in Ref. [37] to
derive partially bosonized FRG flow equations for inter-
acting fermions. By expanding FΛ[h⊥, s] in powers of
the source fields h⊥i (τ) and si(τ), we obtain connected
spin correlation functions with the additional property
that external legs associated with longitudinal propaga-
tors are amputated.1 Following the procedure outlined
in Ref. [1], we find that the above functional FΛ[h⊥, s]
satisfies the exact flow equation
∂ΛFΛ[h⊥, s] = −1
2
∫ β
0
dτ
∑
ij
(∂ΛJ
⊥
Λ,ij)
∑
α=x,y
[
δ2FΛ[h⊥, s]
δhαi (τ)δh
α
j (τ)
+
δFΛ[h⊥, s]
δhαi (τ)
δFΛ[h⊥, s]
δhαj (τ)
]
+
1
2
∫ β
0
dτ
∑
ij
(
∂Λ[J
z
Λ]
−1
ij
) [ δ2FΛ[h⊥, s]
δsi(τ)δsj(τ)
+
δFΛ[h⊥, s]
δsi(τ)
δFΛ[h⊥, s]
δsj(τ)
]
+
1
2
Tr
[
JzΛ∂Λ(J
z
Λ)
−1] , (2.7)
4where JzΛ is a matrix in all labels (spin component, lattice site, imaginary time) with matrix elements defined by
[JzΛ]
αα′
iτ,jτ ′ = δ(τ − τ ′)δαzδα′z[JzΛ]ij = δ(τ − τ ′)δαzδα′zJzΛ,ij . (2.8)
Here JzΛ is a matrix on the spatial labels with matrix elements [J
z
Λ]ij = J
z
Λ,ij . With this notation the trace in the
last term of Eq. (2.7) is over all labels; the formally divergent δ-function δ(τ = 0) cancels when we combine the last
term in Eq. (2.7) with a similar contribution from the second term. The Legendre transform of the FΛ[h⊥, s] is well
defined for all values of the deformation parameter. As usual we subtract quadratic regulator terms from the Legendre
transform, defining the generating functional
ΓΛ[m, φ] =
∫ β
0
dτ
∑
i
(mi · h⊥i + φisi)−FΛ[h⊥, s]−
1
2
∫ β
0
dτ
∑
ij
(
R⊥Λ,ijmi ·mj +RφΛ,ijφiφj
)
, (2.9)
with regulators
R⊥Λ,ij = J
⊥
Λ,ij − J⊥ij , (2.10)
RφΛ,ij = −[JzΛ]−1ij + [Jz]−1ij . (2.11)
On the right-hand side of Eq. (2.9) the sources h⊥i (τ)
and si(τ) should be expressed in terms of the transverse
magnetization mi(τ) and the longitudinal exchange field
φi(τ) by inverting the relations
mi(τ) =
δFΛ[h⊥, s]
δh⊥i (τ)
= 〈T S⊥j (τ)〉, (2.12)
φi(τ) =
δFΛ[h⊥, s]
δsi(τ)
= −
∑
j
JzΛ,ij
[
sj(τ) + 〈T Szj (τ)〉
]
, (2.13)
where the expectation values 〈T S⊥j (τ)〉 and 〈T Szj (τ)〉
should be evaluated for finite sources h⊥i (τ) and si(τ).
From the last line in Eq. (2.13) we see that for si(τ) = 0
the field φi(τ) can be identified with the exchange correc-
tion to the external magnetic field. Differentiating both
sides of Eq. (2.9) with respect to the deformation param-
eter Λ we obtain
∂ΛΓΛ[m, φ] = −1
2
Tr
[
JzΛ∂Λ(J
z
Λ)
−1] ,
+
1
2
∫ β
0
dτ
∑
ij
[ ∑
α=x,y
δ2FΛ[h⊥, s]
δhαi (τ)δh
α
j (τ)
∂ΛR
⊥
Λ,ij
+
δ2FΛ[h⊥, s]
δsi(τ)δsj(τ)
∂ΛR
φ
Λ,ij
]
. (2.14)
Note that the quadratic subtractions in Eq. (2.9) elimi-
nate the terms on the right-hand side of the flow equation
(2.7) corresponding to diagrams which are reducible with
respect to cutting either a transverse propagator line or
a longitudinal interaction line. Finally, we express the
second derivatives on the right-hand side of Eq. (2.14) in
terms of the matrix Γ′′Λ[m, φ] of second functional deriva-
tives of ΓΛ[m, φ] and obtain an exact functional flow
equation for our quantum spin system which formally
resembles the Wetterich equation,8
∂ΛΓΛ[m, φ]
=
1
2
Tr
{[
(Γ′′Λ[m, φ] + RΛ)
−1
+ JzΛ
]
∂ΛRΛ
}
. (2.15)
Here the matrix elements of Γ′′Λ[m, φ] are given by
(Γ′′Λ[m, φ])iτα,jτ ′α′ =
δ2ΓΛ[m, φ]
δΦαi (τ)δΦ
α′
j (τ
′)
, (2.16)
where we have combined the two components of mi(τ)
together with φi(τ) into a three-component field Φ
α
i =
[mxi ,m
y
i , φi], and RΛ is diagonal in the field labels with
matrix elements
[RΛ]
xx
iτ,jτ ′ = [RΛ]
yy
iτ,jτ ′ = δ(τ − τ ′)R⊥Λ,ij , (2.17)
[RΛ]
zz
iτ,jτ ′ = δ(τ − τ ′)RφΛ,ij . (2.18)
For finite external field H or in the presence of a finite
spontaneous magnetization the expectation value 〈Szi (τ)〉
is finite even for vanishing sources si(τ). Then the func-
tional ΓΛ[m = 0, φ] is extremal for a finite value φΛ of
the exchange field,
δΓΛ[m = 0, φ]
δφi(τ)
∣∣∣∣
φ=φΛ
= 0, (2.19)
where φΛ can be identified with the scale-dependent
renormalization of the external magnetic field due to the
exchange interaction. It is then convenient to shift the
field φi(τ) = φΛ + ϕi(τ) and consider the flow of
Γ˜Λ[m, ϕ] = ΓΛ[m, φΛ + ϕ], (2.20)
which is given by
∂ΛΓ˜Λ[m, ϕ] = ∂ΛΓΛ[m, φ]|φ→φΛ+ϕ
+
∫ β
0
dτ
∑
i
δΓ˜Λ[m, ϕ]
δϕi(τ)
∂ΛφΛ
=
1
2
Tr
{[(
Γ˜′′Λ[m, ϕ] + RΛ
)−1
+ JzΛ
]
∂ΛRΛ
}
+
∫ β
0
dτ
∑
i
δΓ˜Λ[m, ϕ]
δϕi(τ)
∂ΛφΛ. (2.21)
5III. VERTEX EXPANSION
A. Exact flow equations
To obtain an approximate solution of the exact flow
equation (2.21), we expand the functional Γ˜Λ[m, ϕ] in
powers of the transverse magnetization mi(τ) and the
fluctuation ϕi(τ) of the longitudinal exchange field. Then
we obtain an infinite hierarchy of flow equations for the
irreducible vertices generated by Γ˜Λ[m, ϕ]. It is conve-
nient to formulate the expansion in momentum-frequency
space. Introducing a collective label K = (k, iω) for mo-
mentum and Matsubara frequency, the Fourier expansion
of the fields can be written as
mi(τ) =
∫
K
ei(k·ri−ωτ)mK , (3.1a)
ϕi(τ) =
∫
K
ei(k·ri−ωτ)ϕK , (3.1b)
where
∫
K
= (βN)−1
∑
k,ω. In terms of the spherical
components of the transverse magnetization,
m+K =
mxK + im
y
K√
2
, m−K =
mxK − imyK√
2
= (m+−K)
∗,
(3.2)
the vertex expansion of Γ˜Λ[m, ϕ] up to fourth order in
the fields is of the form
Γ˜Λ[m, ϕ] = βNfΛ +
∫
K
Γ+−Λ (K)m
−
−Km
+
K +
1
2!
∫
K
ΓzzΛ (K)ϕ−KϕK
+
∫
K1
∫
K2
∫
K3
δ(K1 +K2 +K3)Γ
+−z
Λ (K1,K2,K3)m
−
K1
m+K2ϕK3
+
1
3!
∫
K1
∫
K2
∫
K3
δ(K1 +K2 +K3)Γ
zzz
Λ (K1,K2,K3)ϕK1ϕK2ϕK3
+
∫
K1
∫
K2
∫
K3
∫
K4
δ(K1 +K2 +K3 +K4)
{
1
(2!)2
Γ++−−Λ (K1,K2,K3,K4)m
−
K1
m−K2m
+
K3
m+K4
+
1
2!
Γ+−zzΛ (K1,K2,K3,K4)m
−
K1
m+K2ϕK3ϕK4 +
1
4!
ΓzzzzΛ (K1,K2,K3,K4)ϕK1ϕK2ϕK3ϕK4
}
+ . . . , (3.3)
where δ(K) = βNδk,0δω,0 and we have omitted vertices
with five and more external legs.
The exact flow equations for the vertices can be
obtained from the functional flow equation (2.21) by
expanding both sides in powers of the fields and
comparing coefficients of a given power after proper
symmetrization.6 The condition (2.19) implies that the
above expansion does not contain a linear term in ϕK .
The constant fΛ in Eq. (3.3) can be identified with the
free energy per lattice site and satisfies the exact flow
equation
∂ΛfΛ =
∫
K
[
J˙⊥Λ (k)GΛ(K) +
1
2
J˙zΛ(k)G
zz
Λ (K)
]
, (3.4)
where J˙⊥Λ (k) = ∂ΛJ
⊥
Λ (k), J˙
z
Λ(k) = ∂ΛJ
z
Λ(k), and we have
expanded the exchange couplings in momentum space
using the discrete translational invariance of the lattice,
J⊥Λ,ij =
1
N
∑
k
eik·(ri−rj)J⊥Λ (k), (3.5a)
JzΛ,ij =
1
N
∑
k
eik·(ri−rj)JzΛ(k). (3.5b)
The deformed transverse and longitudinal two-spin cor-
relation functions GΛ(K) and G
zz
Λ (K) appearing in the
flow equation (3.4) are related to the irreducible two-
point vertices Γ+−Λ (K) and Γ
zz
Λ (K) via
GΛ(K) =
1
Γ+−Λ (K) +R
⊥
Λ (k)
=
1
Γ+−Λ (K)− J⊥(k) + J⊥Λ (k)
, (3.6)
GzzΛ (K) =
ΠΛ(K)
1 + JzΛ(k)ΠΛ(K)
, (3.7)
where
R⊥Λ (k) = J
⊥
Λ (k)− J⊥(k) (3.8)
is the transverse regulator in momentum space, and the
longitudinal polarization ΠΛ(K) is related to the longi-
tudinal two-point vertex ΓzzΛ (K) via
ΓzzΛ (K) = −
1
Jz(k)
−ΠΛ(K). (3.9)
6Keeping in mind that
RφΛ(k) =
1
Jz(k)
− 1
JzΛ(k)
, (3.10)
the relation (3.9) can also be written as
ΓzzΛ (K) +R
φ
Λ(k) = −
1
JzΛ(k)
−ΠΛ(K). (3.11)
The inverse of ΓzzΛ (K) + R
φ
Λ(k) can be identified (up to
a minus sign) with the effective longitudinal exchange
interaction,
FΛ(K) =
1
ΓzzΛ (K) +R
φ
Λ(k)
= − J
z
Λ(k)
1 + JzΛ(k)ΠΛ(K)
= −JzΛ(k) +
[JzΛ(k)]
2ΠΛ(K)
1 + JzΛ(k)ΠΛ(K)
= −JzΛ(k) + [JzΛ(k)]2GzzΛ (K). (3.12)
The flow equation for the exchange field φΛ can be ob-
tained from the condition that the expansion of the gen-
erating functional Γ˜Λ[m, ϕ] does not have a term linear
in the fluctuation ϕ (see Refs. [6 and 37]), which is guar-
anteed if φΛ flows according to
ΓzzΛ (0)∂ΛφΛ = −
∫
K
G˙Λ(K)Γ
+−z
Λ (−K,K, 0)
− 1
2
∫
K
F˙Λ(K)Γ
zzz
Λ (−K,K, 0), (3.13)
where the transverse and longitudinal single-scale prop-
agators are given by
G˙Λ(K) = −[GΛ(K)]2∂ΛR⊥Λ (k)
= − J˙
⊥
Λ (k)
[Γ+−Λ (K) +R
⊥
Λ (k)]
2
, (3.14)
F˙Λ(K) = −[FΛ(K)]2∂ΛRφΛ(k)
= − J˙
z
Λ(k)
[1 + JzΛ(k)ΠΛ(K)]
2
. (3.15)
Finally, let us also write down the exact flow equations
for the transverse and longitudinal two-point vertices,
∂ΛΓ
+−
Λ (K) = Γ
+−z
Λ (−K,K, 0)∂ΛφΛ +
∫
Q
G˙Λ(Q)Γ
++−−
Λ (−K,−Q,Q,K) +
1
2
∫
Q
F˙Λ(Q)Γ
+−zz
Λ (−K,K,−Q,Q)
−
∫
Q
[G˙Λ(Q)FΛ(Q−K) +GΛ(Q)F˙Λ(Q−K)]Γ+−zΛ (−K,Q,K −Q)Γ+−zΛ (−Q,K,Q−K), (3.16)
∂ΛΓ
zz
Λ (K) = Γ
zzz
Λ (−K,K, 0)∂ΛφΛ +
∫
Q
G˙Λ(Q)Γ
+−zz
Λ (−Q,Q,−K,K) +
1
2
∫
Q
F˙Λ(Q)Γ
zzzz
Λ (−Q,Q,−K,K)
−
∫
Q
[G˙Λ(Q)GΛ(Q−K) +GΛ(Q)G˙Λ(Q−K)]Γ+−zΛ (−Q,Q−K,K)Γ+−zΛ (K −Q,Q,−K)
− 1
2
∫
Q
[F˙Λ(Q)FΛ(Q−K) + FΛ(Q)F˙Λ(Q−K)]ΓzzzΛ (−Q,Q−K,K)ΓzzzΛ (K −Q,Q,−K). (3.17)
Graphical representations of the exact flow equations
(3.13), (3.16), and (3.17) are shown in Fig. 1.
B. Initial conditions and cutoff scheme
In a deformation scheme where at the initial scale
for Λ = Λ0 the exchange interactions are completely
switched off for any finite momentum k 6= 0, the de-
formed two-spin correlation functions are initially given
by
G0(K) =
M0
H + φ0 − iω , (3.18)
Gzz0 (K) = βδω,0b
′(β(H + φ0)), (3.19)
where
φ0 = −Jz(0)M0 (3.20)
is the exchange field in self-consistent mean-field approx-
imation, and M0 is the solution of the mean-field self-
consistency equation
M0 = b(β(H − Jz(0)M0)). (3.21)
Here
b(y) =
(
S +
1
2
)
coth
[(
S +
1
2
)
y
]
− 1
2
coth
[y
2
]
(3.22)
is the spin-S Brillouin function and b′(y) is its first deriva-
tive. The corresponding initial conditions for the two-
7FIG. 1. Graphical representation of the exact FRG flow
equations (3.13), (3.16) and (3.17) for the exchange field and
the two-point vertices. (a) Flow equation for the exchange
field φΛ; the dotted cross represents the scale derivative ∂ΛφΛ.
The dot above the circle represents the derivative ∂Λ with re-
spect to the deformation parameter. (b) Flow equation for
the transverse two-point vertex Γ+−Λ (K). (c) Flow equation
for the longitudinal two-point vertex ΓzzΛ (K). We use the
same color coding as in Ref. [6]: two-point vertices are red,
three-point vertices are green, and four-point vertices are blue.
Outgoing arrows represent the spherical component m−−K of
the transverse magnetization field, while incoming arrows rep-
resent the conjugate field m+K . Wavy lines are associated with
the fluctuating part ϕ of the longitudinal exchange field. Solid
arrows and wavy lines represent transverse and longitudinal
propagators, while lines with an extra slash represent the cor-
responding single-scale propagators. A diagram with a cross
inside a loop represents the sum of two similar diagrams where
each of the propagators forming the loop is successively re-
placed by the corresponding single-scale propagator (product
rule).
point vertices are
Γ+−0 (K) = J
⊥(k) +
H + φ0 − iω
M0
=
H +M0[J
⊥(k)− Jz(0)]− iω
M0
, (3.23)
Γzz0 (K) = −
1
Jz(k)
− βδω,0b′(β(H + φ0)), (3.24)
which amounts to approximating the intial value Π0(K)
of the longitudinal polarization introduced in Eq. (3.9)
by
Π0(K) = βδω,0b
′(β(H + φ0)). (3.25)
For any value of the deformation parameter Λ it is con-
venient to parametrize the transverse two-point vertex in
terms of the magnon self-energy ΣΛ(K),
Γ+−Λ (K) = J
⊥(k) +
H + φ0 − iω
M0
+ ΣΛ(K), (3.26)
so that the regularized transverse propagator is
GΛ(K) =
M0
H + φ0 +M0J⊥Λ (k)− iω +M0ΣΛ(K)
.
(3.27)
The initial values of the higher-order vertices with up to
four external legs in a cutoff scheme where the exchange
interaction is initially switched off are explicitly given in
Appendix B.
To establish the relation of our SFRG approach and
a previous momentum-shell RG calculation for quantum
Heisenberg ferromagnets,35 in this work we choose a de-
formation scheme, where the longitudinal part Jz(k) is
not deformed at all, while a sharp momentum cutoff is
introduced only in the transverse exchange interaction,
J⊥Λ (k) = Θ(k − Λ)J⊥(k), (3.28)
where for some large initial value Λ0 of the order of the in-
verse lattice spacing the exchange interaction is switched
off, while for Λ = 0 we recover our original model. A tech-
nical complication of this cutoff scheme is that it leads to
expressions involving both δ-functions and Θ-functions,
which should be carefully defined using the identity6,38
δ(x)f(Θ(x)) = δ(x)
∫ 1
0
dtf(t), (3.29)
where f(Θ) is any function of the Θ-function. The trans-
verse single-scale propagator is in this scheme given by
G˙Λ(K) =
δ(k − Λ)J⊥(k)
[Γ+−Λ (K) + Θ(k − Λ)J⊥(k)− J⊥(k)]2
= δ(k − Λ)J⊥(k)
∫ 1
0
dt
1
[Γ+−Λ (K) + (t− 1)J⊥(k)]2
= δ(k − Λ)
[
1
Γ+−Λ (K)− J⊥(k)
− 1
Γ+−Λ (K)
]
. (3.30)
Because in this scheme the longitudinal exchange inter-
action does not exhibit any dependence on the defor-
mation parameter Λ, all terms involving the longitudi-
nal single-scale propagator F˙Λ(K) in the flow equations
(3.13), (3.16), (3.17) shown graphically in Fig. 1 should
be simply omitted. The effect of the longitudinal ex-
change interaction appears in the initial conditions for
the RG flow, which now depend on Jz(k). In Appendix C
we derive these initial conditions in tree-approximation
where all terms involving loop integrations in the infinite
hierarchy of equations of motion are neglected. We will
show in Sec. V that this cutoff scheme is very convenient
to calculate the wave-function renormalization and the
damping of the magnons.
8IV. MAGNETIZATION OF
TWO-DIMENSIONAL FERROMAGNETS
In this section we calculate the magnetic equation of
state M(H,T ) of two-dimensional ferromagnets at finite
temperature. Therefore we set
J⊥(k) = Jz(k) = −Vk, (4.1)
where Vk is the Fourier transform of the exchange cou-
plings of an isotropic ferromagnet. For nearest-neighbor
couplings connecting the sites of a D-dimensional hy-
percubic lattice with lattice spacing a we have Vk =
2J
∑D
µ=1 cos(kµa), where J > 0 is the ferromagnetic
nearest-neighbor coupling. In two dimensions the magne-
tization vanishes for H = 0 at any finite temperature.21
A naive spin-wave expansion gives then a divergent re-
sult for M(H = 0, T ), so that non-perturbative methods
are necessary to obtain reliable results for M(H,T ) for
sufficiently small magnetic fields.22
A. One-loop approximation with sharp momentum
cutoff
As already mentioned in Sec. III B, to establish the
precise relation between our SFRG approach and an old
momentum-shell renormalization group calculation for
quantum ferromagnets,35 we use the sharp momentum
cutoff (3.28) for the transverse exchange couplings and no
cutoff at all for the longitudinal couplings. In this case all
terms involving the longitudinal single-scale propagator
F˙Λ(K) in our flow equations should be simply omitted,
so that the flow equation (3.13) for the exchange field
φΛ = −Jz(0)MΛ = V0MΛ reduces to
ΓzzΛ (0)∂ΛφΛ = −
∫
K
G˙Λ(K)Γ
+−z
Λ (K,K, 0). (4.2)
In the simplest approximation, the flow of the vertices
ΓzzΛ (0) and Γ
+−z
Λ (K,K, 0) is neglected, so that these ver-
tices are approximated by their initial values at scale
Λ = Λ0 where the deformed transverse exchange interac-
tion vanishes. Moreover, at low temperatures the deriva-
tives of the Brillouin function are exponentially small
and can be neglected. In this case we may approximate
Γzz0 (0) ≈ 1/V0 and Γ+−z0 (K,K, 0) ≈ 1/M0 (see Eq. (C
10) in Appendix C), so that Eq. (4.2) reduces to the
following flow equation for the scale-dependent magneti-
zation,
∂ΛMΛ = − 1
M0
∫
K
G˙Λ(K). (4.3)
Using a sharp momentum cutoff, the transverse single-
scale propagator is given by Eq. (3.30). Neglecting self-
energy corrections to the transverse propagator, we may
approximate
G˙Λ(K) ≈ −δ(k − Λ)
Γ+−0 (K)
= − δ(k − Λ)M0
H + Ek − iω .
(4.4)
FIG. 2. RG flow of the magnetization MΛ as a function
of the logarithmic flow parameter l = ln(Λ0/Λ) for H/J =
0.125 and T/J = 1, 0.5, 0.2 (red, gray, blue; the curves are
labelled by the corresponding values of T/J). The dashed
lines represent the solution of the simplest truncation (4.7)
of the flow equation for the magnetization (MΛ,simp) which
completely neglects self-energy and vertex corrections. The
solid lines show the solution of the improved flow equation
(4.16) (MΛ,WI) which takes into account the RG flow of the
magnon self-energy via the Ward identity (4.13). Note that
MΛ,WI, in contrast to MΛ,simp, does not flow to unphysical
negative values for high temperatures.
The spin-wave dispersion of an isotropic ferromagnet is
for small momenta given by
Ek = M0(V0 − Vk) ≈ ρ0k2, (4.5)
where ρ0 is the bare spin-stiffness. Note that for a spin-
S square lattice ferromagnet with nearest-neighbor cou-
pling J > 0 we have
V0 = 4J, ρ0 = M0Ja
2, (4.6)
where M0 ≈ S for T  M0V0. Substituting Eq. (4.4)
into Eq. (4.3) and performing the integrations and the
Matsubara sum we obtain in D dimensions
∂ΛMΛ = KD
aDΛD−1
eβ(H+ρ0Λ2) − 1 , (4.7)
where KD is the surface area of the D-dimensional unit
sphere divided by (2pi)D. In Fig. 2 the result of the nu-
merical integration of the flow equation (4.7) for D = 2
is represented by dashed lines. Obviously, for sufficiently
small magnetic field and high temperatures the magne-
tization flows to unphysical negative values within this
approximation. This is clearly an artefact of the simple
approximations used to derive Eq. (4.7). In Sec. IV B
we show how this problem can be cured by taking into
account a Ward identity relating the magnon self-energy
to the magnetization. From Eq. (4.7) it is furthermore
straightforward to recover the RG flow equations for
quantum ferromagnets derived 30 years ago in Ref. [35]
9(see also Ref. [36]) using the momentum-shell RG tech-
nique. In this approach the low-temperature behavior
of quantum ferromagnets in D dimensions is encoded in
the RG flow of the following three dimensionless rescaled
coupling constants,
t =
T (aΛ)D−2
JSMΛ
, (4.8a)
g =
(aΛ)D
MΛ
, (4.8b)
h =
H
JS
(aΛ)−2, (4.8c)
where Λ = Λ0e
−l is the running momentum cutoff. Us-
ing the flow equation (4.7) for the scale-dependent mag-
netization MΛ we find that the above rescaled couplings
satisfy the system of flow equations,
∂lt = (2−D)t+KD gt
eg(1+h)/t − 1 , (4.9a)
∂lg = −Dg +KD g
2
eg(1+h)/t − 1 , (4.9b)
∂lh = 2h, (4.9c)
in agreement with the flow equations given in Refs. [35
and 36]. By integrating these flow equations from l = 0
up to some finite l = l∗ where the renormalized dimen-
sionless temperature t∗ is of the order of unity, we can
estimate the correlation length ξ in units of the lattice
spacing a. For H = 0 the result is
ξ
a
∝
√
JS
T
e2piJS
2/T , (4.10)
where the precise prefactor cannot be determined with
this method. Note also that flow equations similar to
Eqs. (4.9) for quantum antiferromagnets have been ob-
tained by Chakravarty, Halperin, and Nelson39,40 by ap-
plying the conventional momentum-shell RG technique
to the quantum non-linear sigma-model which is believed
to describe the low-energy and long-wavelength physics
of quantum Heisenberg antiferromagnets in the renor-
malized classical regime.
B. Self-energy and vertex corrections
From Fig. 2 we see that in two dimensions the flow
equation (4.7) implies that at sufficiently small mag-
netic field and large temperature the flowing magneti-
zation MΛ(H,T ) becomes negative at some finite scale
Λc = e
−lc , so that we cannot integrate the flow all the
way down to Λ = 0. This is of course an unphysical
feature of our truncation. Within our SFRG approach
we can construct a better truncation by including the
flow of the magnon self-energy ΣΛ(K) as well as vertex
corrections. However, in the presence of a finite spon-
taneous magnetization, the magnon spectrum must be
gapless, so that the self-energy ΣΛ(K = 0) must vanish
for H → 0. To implement this condition without fine-
tuning the initial condition, it is crucial to truncate the
infinite hierarchy of flow equations such that the Ward
identity
χ⊥ ≡ G(k = 0, iω = 0) = M
H
(4.11)
is satisfied at least at the end of the flow. This identity
relating the exact transverse uniform susceptibility χ⊥ to
the exact magnetization M has been discussed long time
ago by Patashinskii and Prokrovskii.41 In Appendix A
we give a rigorous derivation of this identity using the
Heisenberg equations of motion.
1. Self-energy from Ward identity
Obviously, the Ward identity (4.11) can be imple-
mented by demanding that the flowing transverse two-
point vertex at vanishing momentum and frequency is
related to the flowing magnetization via
Γ+−Λ (0) =
H
MΛ
, (4.12)
which implies that the magnon self-energy ΣΛ(0) intro-
duced in Eq. (3.26) is related to the magnetization via
ΣΛ(0) =
H
MΛ
− H
M0
. (4.13)
Neglecting the momentum and frequency dependence of
the self-energy, we then obtain
G˙Λ(K) = − δ(k − Λ)H+Ek−iω
M0
+ ΣΛ(0)
= − δ(k − Λ)M0
∆Λ + Ek − iω (4.14)
instead of Eq. (4.4) for the transverse single-scale propa-
gator, where
∆Λ =
HM0
MΛ
(4.15)
can be interpreted as a scale-dependent gap of the
magnon dispersion. The resulting modified flow equa-
tion for the magnetization is
∂ΛMΛ = KD
aDΛD−1
eβ(∆Λ+ρ0Λ2) − 1 . (4.16)
A numerical solution of this modified flow equation is
shown by the solid lines in Fig. 2. Note that now the
magnetization never flows to unphysical negative values.
The definition (4.8c) of the rescaled dimensionless mag-
netic field should then be replaced by
h =
H
JMΛ
(aΛ)−2, (4.17)
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and the modified system of flow equations for the rescaled
couplings t, g, and h reads
∂lt = (2−D)t+KD gt
eg(1+h)/t − 1 , (4.18a)
∂lg = −Dg +KD g
2
eg(1+h)/t − 1 , (4.18b)
∂lh = 2h+KD
gh
eg(1+h)/t − 1 . (4.18c)
In contrast to our earlier flow equation (4.9c), the renor-
malized magnetic field now has a non-trivial fluctuation
correction.
In order to quantify the effects of additional higher
order vertex corrections on the magnetization, we in-
vestigate in the following two more advanced truncation
strategies.
2. Vertex correction from Katanin substitution
A simple approximate method to take vertex correc-
tions into account is the so-called Katanin substitution,
which amounts to replacing the single-scale propagator
in the flow equations by a total derivative,42
G˙Λ(K)→ ∂ΛGΛ(K). (4.19)
This substitution, known from the FRG formulation of
interacting Fermi systems,7,42 has been found to be es-
sential to obtain meaningful results in the pseudofermion
FRG approach to quantum spin systems.15–18 The effect
of higher-order vertices is thereby partially taken into
account in a weak coupling truncation. In this way the
violation of Ward identities is shifted to a higher order
in the vertex expansion. Within our simple truncation
the Katanin substitution amounts to replacing the single-
scale propagator in Eq. (4.14) by
G˙Λ(K)→ ∂Λ Θ(k − Λ)H+Ek−iω
M0
+ ΣΛ(0)
= − δ(k − Λ)
H+Ek−iω
M0
+ ΣΛ(0)
− Θ(k − Λ)∂ΛΣΛ(0)[
H+Ek−iω
M0
+ ΣΛ(0)
]2 .
(4.20)
With this replacement the right-hand side of our trun-
cated flow equation (4.3) for the magnetization becomes
a total derivative. Using again the Ward identity (4.13)
to express Σ(0) at the end of the flow in terms of the
magnetization M we obtain
M = M0 − 1
N
∑
k
1
eβ(HM0/M+Ek) − 1 . (4.21)
In one and two dimensions the zero-field susceptibility
χ = limH→0M/H is expected to be finite for any non-
zero temperature, so that the gap ∆Λ approaches a finite
limit for H → 0. In this limit Eq. (4.21) reduces to the
following equation for the zero-field susceptibility,
M0 =
1
N
∑
k
1
eβ(M0/χ+Ek) − 1 . (4.22)
At low temperatures (T  V0) we can solve this equation
by approximating
1
eβ(M0/χ+Ek) − 1 ≈
T
M0/χ+ ρ0k2
(4.23)
and imposing an ultraviolet cutoff Λ0 on the momentum-
integration such that βρ0Λ
2
0 = 1. Assuming for simplicity
a nearest-neighbor interaction of strength J > 0 we may
set ρ0 = JSa
2 and M0 = S at low temperatures, so that
for vanishing external field we obtain for the susceptibil-
ity
χ =
M0
T
e4piJS
2/T . (4.24)
The transverse correlation length ξ(H,T ) can be defined
by writing the magnon dispersion for small momenta as
HM0/M + Ek ≈ ρ0(ξ−2 + k2). (4.25)
For H → 0 this leads to the identification
ξ =
√
ρ0χ/M0. (4.26)
With χ given by Eq. (4.24) this yields
ξ
a
=
√
JS
T
e2piJS
2/T , (4.27)
which agrees (up to a numerical prefactor of the or-
der of unity) with previous one-loop calculations based
on modified spin-wave theory,23 Schwinger-Boson mean-
field theory26 and a one-loop momentum shell renor-
malization group calculation.35 As shown in Ref. [35],
however, a more accurate two-loop calculation gives an
addition factor of T/(JS2) in front of the exponential,
i.e., ξ ∝ (T/JS)1/2e−2piJS2/T . Similarly, the temper-
ature dependence of the prefactor in the expression of
the susceptibility in Eq. (4.24) is known to be modi-
fied by two-loop corrections.35 Moreover, the one-loop
approximation for the zero-field susceptibility given in
Refs. [23, 26, and 35] is a factor of T/(JS) smaller than
the result (4.24). A possible reason for this discrepancy
is that in our truncation we have neglected the frequency
and momentum dependence of the magnon self-energy.
Within our approach, it is possible to quantify the ver-
tex correction which is implicitly taken into account via
the Katanin substitution. Therefore we use the Ward
identity (4.13) to express the scale-derivative of the self-
energy on the right-hand side of Eq. (4.20) in terms of
the derivative of the magnetization,
∂ΛΣΛ(0) = − H
M2Λ
∂ΛMΛ. (4.28)
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Our truncated flow equation (4.3) can then be written as
∂ΛMΛ =
M0
βN
∑
k,ω
Γ+−zΛ,Katδ(k − Λ)
∆Λ + Ek − iω , (4.29)
where the scale-dependent mixed three-point vertex is
given by
M0Γ
+−z
Λ,Kat =
1
1 + ∆ΛMΛ
∫
K
Θ(Λ0−k)Θ(k−Λ)
[∆Λ+Ek−iω]2
. (4.30)
We conclude that the Katanin substitution amounts
to the assumption that the mixed three-legged vertex
Γ+−zΛ (−K,K, 0) in the exact FRG flow equation (3.13)
for the exchange field φΛ can be approximated by a
momentum- and frequency-independent constant Γ+−zΛ,Kat
which is linked to the flowing magnetization MΛ via
Eq. (4.30). In Fig. 3 we show the flow of Γ+−zΛ,Kat in two
dimensions for T > 0 and finite magnetic field. Although
the vertex correction becomes important when the mag-
netization is significantly reduced from its initial value,
the flow of the magnetization is very similar to the flow
obtained without vertex correction.
3. Vertex correction from flow equations
We have shown in the previous subsection that the
Katanin substitution (4.20) amounts to replacing the
three-legged vertex Γ+−zΛ (−K,K, 0) in the flow equa-
tion (4.2) for the expectation value φΛ by a momentum-
and frequency-independent coupling Γ+−zΛ,Kat given by
Eq. (4.30). To check the validity of this substitution, we
now give an independent calculation of the vertex Γ+−zΛ .
In principle, we could write down the corresponding ex-
act flow equation, which depends on various higher-order
vertices. Alternatively, we can use the Ward identity
(4.13) to determine Γ+−zΛ from the requirement that flow
equations for ∂ΛMΛ and ∂ΛΣΛ(0) give consistent results.
Within our cutoff scheme where only the transverse part
of the exchange interaction is deformed, the exact flow
equation (3.16) for the transverse two-point vertex re-
duces to
∂ΛΣΛ(0) = Γ
+−z
Λ (0, 0, 0)V0∂ΛMΛ
+
∫
Q
G˙Λ(Q)Γ
++−−
Λ (0,−Q,Q, 0)
−
∫
Q
G˙Λ(Q)FΛ(Q)Γ
+−z
Λ (0, Q,−Q)Γ+−zΛ (−Q, 0, Q).
(4.31)
To simplify the calculation, we replace the vertices in the
second and third line of Eq. (4.31) by their initial values
given by the tree-approximation discussed in Appendix
C, see Eq. (C 13). This amounts to neglecting the contri-
bution involving the three-legged vertices in the last line
of Eq. (4.31), and replacing in the second line∫
Q
G˙Λ(Q)Γ
++−−
Λ (0,−Q,Q, 0)→ U0
∫
Q
G˙Λ(Q), (4.32)
FIG. 3. (a) RG flow of the vertex Γ+−zΛ as a function of the
logarithmic flow parameter l = ln(Λ0/Λ) for T/J = 1, 0.5, 0.2
(red, gray, blue) and H/J = 0.125, calculated either us-
ing the Katanin substitution (Γ+−zΛ,Kat, see Eqs. (4.29) and
(4.30)), or the approximate solution of the SFRG flow equa-
tions (Γ+−zΛ,vert, see Eqs. (4.39) and (4.37)). The qualita-
tive behavior of Γ+−zΛ,vert and Γ
+−z
Λ,Kat is similar throughout the
temperature range considered. (b) Resulting magnetization
M(H,T ) = MΛ→0(H,T ) as a function of temperature. The
dotted line represents the solution of the flow equation (4.16)
without vertex correction where M0Γ
+−z
Λ = 1. The different
magnetization curves coincide for high and low temperatures
and show only small deviations in the intermediate range.
where the coupling constant U0 is given by
U0 ≈ H + V0M0
M30
. (4.33)
Using the Ward identity in the form (4.28) to express
∂ΛΣΛ(0) in terms of ∂ΛMΛ we finally obtain
∂ΛMΛ = − U0
H/M2Λ + V0Γ
+−z
Λ
∫
K
G˙Λ(K). (4.34)
On the other hand, for a momentum-independent three-
legged vertex the flow equation (4.2) for MΛ is of the
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form
∂ΛMΛ = −Γ+−zΛ
∫
K
G˙Λ(K), (4.35)
so that we conclude that the vertex Γ+−zΛ satisfies the
compatibility condition
Γ+−zΛ =
U0
H/M2Λ + V0Γ
+−z
Λ
. (4.36)
Solving for Γ+−zΛ we obtain
Γ+−zΛ =
[(
H
2V0M2Λ
)2
+
U0
V0
]1/2
− H
2V0M2Λ
. (4.37)
Keeping in mind that U0/V0 = 1/M
2
0 + H/(V0M
3
0 ), we
see that at the initial scale Λ = Λ0 where MΛ0 = M0 the
right-hand side of Eq. (4.37) reduces to 1/M0, while for
small MΛ the vertex vanishes as
Γ+−zΛ ∼
H + V0M0
H
M2Λ
M20
. (4.38)
With a sharp momentum cutoff the flow of the magneti-
zation is therefore given by
∂ΛMΛ =
M0
βN
∑
k,ω
Γ+−zΛ δ(k − Λ)
∆Λ + Ek − iω . (4.39)
In Fig. 3 we compare the flow of the vertex (4.37) with
the corresponding vertex flow implied by the Katanin
substitution, see Eq. (4.30). The qualitative behavior is
similar, so that the Katanin substitution at least quali-
tatively takes the vertex correction due to the flow of the
mixed three-point vertex into account.
4. Wave-function renormalization
Finally, let us include the wave-function renormaliza-
tion factor ZΛ of the magnons which is related to the
frequency-dependence of the magnon self-energy via
ΣΛ(k, iω) = ΣΛ(0) +M
−1
0
(
1− Z−1Λ
)
iω +O(ω2, k2).
(4.40)
For our purpose it is sufficient to approximate the vertices
in the exact flow equation (3.16) for the transverse two-
point vertex by their initial values given in Appendix C.
Then we obtain
∂ΛΣΛ(K) = ∂ΛΣ
a
Λ(K) + ∂ΛΣ
b
Λ(K), (4.41)
with
∂ΛΣ
a
Λ(k, iω) =
1
βNM20
∑
k′,ω′
G˙Λ(k
′, iω′)
×
[
G−11 (ω) +G
−1
1 (ω
′)− Vk−k′ − V0
]
,
(4.42)
∂ΛΣ
b
Λ(k, iω) = −
1
βNM20
∑
k′,ω′
G˙Λ(k
′, iω′)
βδω,ω′b
′
1− βb′Vk−k′
× [G−11 (ω)− Vk−k′ ][G−11 (ω′)− Vk−k′ ],
(4.43)
where with our cutoff scheme
G−11 (ω) =
H + V0M0 − iω
M0
, (4.44)
see Eq. (3.18). At low temperatures the derivatives of the
Brillouin function are exponentially small, so that the
second contribution ΣbΛ(k, iω) can be neglected. From
the frequency-dependence of ΣaΛ(k, iω) we obtain for the
flowing wave-function renormalization
∂ΛZΛ = − Z
2
Λ
M20
∫
K
G˙Λ(K)
= KD
(aΛ)D−1
M0
Z3Λ
eβZΛ(∆Λ+ρ0Λ2) − 1 . (4.45)
In the following section we discuss the resulting magne-
tization and wave-function renormalization as functions
of temperature and magnetic field strength.
C. Magnetization curves
Taking into account the wave-function renormalization
factor ZΛ and vertex correction given in Eq. (4.37), our
modified flow equation for the magnetization becomes
Λ∂ΛMΛ = M0KD
ZΛΓ
+−z
Λ (aΛ)
D
eβZΛ(∆Λ+ρ0Λ2) − 1 , (4.46)
which should be solved simultaneously with the flow
equation (4.45) for the wave-function renormalization
factor. Recall that the vertex Γ+−zΛ and the gap ∆Λ =
HM0/MΛ are functions of the flowing magnetization MΛ,
see Eqs. (4.37) and (4.15). By integrating the flow equa-
tions (4.46) and (4.45) from some large initial scale Λ0
of the order of the inverse lattice spacing down to Λ = 0,
we obtain non-perturbative expressions for the magnetic
equation of state M(H,T ) and the corresponding wave-
function renormalization factor Z(H,T ), which remain
well-defined in low dimensions even in the limit of vanish-
ing magnetic field, see Fig. 4 and Fig. 5. For low temper-
atures and finite magnetic field both M/S and Z remain
close to unity, indicating that magnons are well-defined
quasi-particles. When T/J is not small the magnetiza-
tion and the wave-function renormalization factor both
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FIG. 4. (a) Magnetization curve M(T,H) in D = 2 as a
function of temperature obtained from the numerical integra-
tion of Eqs. (4.45) and (4.46) for H/J = 1.0, 0.6, 0.2, 0.05
(top to bottom; the values of H/J are written next to the
curves). The dots are the Monte Carlo results of Ref. [34].
(b) M(H,T ) as a function of the magnetic field for tempera-
tures T/J = 1, 0.5, 0.2 (red, gray, blue; the values of T/J are
written next to the curves).
decrease. The Ward identity (4.25) implies that then
also the correlation length decreases. For not too small
magnetic field the quantitative agreement of our SFRG
calculation with Monte Carlo simulations34 extends to
temperatures of order J , while for H  J our SFRG
result for M(H,T ) agrees with the Monte Carlo results
only for temperatures T . 0.2J . This is due to the fact
that in our truncation we have neglected all terms in-
volving the derivatives of the Brillouin function, which
for H  J is only justified for temperatures T  J .
From Fig. 5 b) we also see that for any finite magnetic
field H the wave-function renormalization factor Z re-
mains finite. On the other hand, Z(H,T ) vanishes if
we take the limit H → 0 for T > 0; the corresponding
steepening of the slope ∂M(H,T )/∂H|H=0 reflects the
exponential behavior of the susceptibility calculated in
Eq. (4.24). We conclude that in the parameter regime
where our truncation is expected to be accurate the
FIG. 5. (a) Wave-function renormalization factor Z(H,T )
in D = 2 as a function of temperature obtained from the
numerical integration of Eqs. (4.45) and (4.46) for H/J =
1.0, 0.6, 0.2, 0.05 (top to bottom). (b) Z(H,T ) as a function
of magnetic field for temperatures T/J = 1, 0.5, 0.2 (red, gray,
blue).
magnetization curves predicted by our SFRG approach
agree with controlled Monte Carlo simulations for two-
dimensional quantum Heisenberg ferromagnets.34 Similar
results have been obtained within an 1/N expansion,29
Green function methods,32 and an exact diagonalization
calculation.33
V. MAGNON DAMPING DUE TO CLASSICAL
LONGITUDINAL FLUCTUATIONS
Let us now calculate the damping of magnons due
to the coupling to classical longitudinal spin fluctua-
tions at intermediate temperatures. This decay chan-
nel is not properly taken into account in the usual spin-
wave expansion where fluctuations of the length of the
magnetic moments are not treated as independent de-
grees of freedom.22 For a three-dimensional ferromagnet
the leading perturbative contribution to this decay pro-
cess has already been studied by VLP3 using their spin-
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diagrammatic approach. To obtain their result for the
decay rate within our SFRG approach, we can neglect
self-energy corrections to the single-scale propagator on
the right-hand side of the flow equation for the self-energy
ΣbΛ(k, iω) in Eq. (4.43). The right-hand side of the flow
equation is then a total derivative which can easily be in-
tegrated over the flow parameter. After analytic continu-
ation to real frequencies we then obtain the perturbative
result for the damping given by VLP,3
γ(k, ω) = −M0ImΣbΛ(k, ω + i0)
=
pib′
N
∑
k′
δ(H + Ek′ − ω) (Vk
′ − Vk−k′)2
1− βb′Vk−k′ . (5.1)
In two dimensions, this expression is not valid for small
magnetic field, because we know that self-energy correc-
tions generate a gap in the magnon spectrum and there-
fore cannot be neglected. Unfortunately, the inclusion of
self-energy corrections requires also a consistent renor-
malization of the higher-order interaction vertices which
is beyond the scope of this work. A simple phenomeno-
logical way to take self-energy effects into account is to
replace the bare magnetic field H in Eq. (5.1) by the gap
∆ =
HM0
M(H,T )
(5.2)
and divide the external frequency by the wave-function
renormalization factor Z, both of which are calculated by
means of our SFRG approach. This leads to the following
expression for the magnon damping,
γ(k, ω) =
pib′
N
∑
k′
δ(∆ + Ek′ − ω/Z) (Vk
′ − Vk−k′)2
1− βb′Vk−k′ .
(5.3)
Formally, the renormalizations described by ∆ and Z can
be generated by replacing the mean-field inverse propa-
gators G−11 (iω) in the second line of Eq. (4.43) by ap-
propriate renormalized propagators, which amounts to
assuming that the structure of renormalized vertex re-
sembles the bare one. Evaluating γ(k, ω) within a small
momenta expansion, we plot in Fig. 6 the resulting spec-
tral density function
S(k, ω) =
1
pi
Im G(k, iω → ω + i0)
=
1
pi
M0γ(k, ω)
[∆ + Ek − ω/Z]2 + γ(k, ω)2
(5.4)
as a function of temperature and magnetic field for a spe-
cific momentum k0. Note that the threshold for the spec-
tral weight is controlled by the δ-function in Eq. (5.3),
which sets S(k, ω) = 0 for ω < Z(∆ +Ek0). In the limit
H → 0 this implies that the spectral weight S(k, ω) van-
ishes for ω < ZM0/χ(T )+Ek0 , where χ(T ) is the suscep-
tibility for vanishing field. With increasing magnetic field
and decreasing temperature the resulting quasiparticle-
peaks grow and sharpen, so that the magnons are sta-
bilized in this regime. The same holds true when the
FIG. 6. Spectral density function S(k0, ω) as a function of
frequency and temperature for k0a = 0.75 and different mag-
netic fieldsH = 0.001, 0.01, 0.1 (from left to right). The quasi-
particle peaks sharpen with increasing magnetic field strength
and decreasing temperature. Note that the lineshapes of the
peaks are not symmetrical around ω = Z∆ +ZEk0 but show
a slight asymmetry due to the ω-dependence of γ(k0, ω).
magnitude of the magnon momentum k0 is lowered (not
shown in Fig. 6). The momentum and frequency depen-
dence of γ(k, ω) furthermore leads to a non-Lorentzian
asymmetry of the spectral lineshape, which increases
when the quasiparticle-peaks broaden. It should be em-
phasized that at low temperatures (T  J) the derivative
b′ of the Brillouin function and hence also the magnon
damping in Eq. (5.3) are exponentially small. In this
regime we expect that the magnon damping is dominated
by two-body scattering of renormalized magnons. The
proper treatment of these type of processes, taking into
account that at finite temperature magnons cannot prop-
agate over distances larger than the correlation length, is
beyond the scope of this work.
VI. SUMMARY AND OUTLOOK
In summary, we used the spin functional renormaliza-
tion group approach (SFRG) recently proposed by two of
us1 to study the thermodynamics and dynamics of two-
dimensional quantum Heisenberg ferromagnets at low
temperatures. We have furthermore established the pre-
cise relation between the SFRG and an old momentum-
shell RG-calculation.35 Our SFRG results for the mag-
netic equation of state in two dimensions agrees quite
well with numerical simulations. Moreover, we have also
shown how the damping of transverse spin-waves due to
the coupling to longitudinal spin fluctuations can be ob-
tained within our SFRG approach. At intermediate tem-
peratures this damping can be substantial in two dimen-
sions and generates an asymmetry in the spectral line-
shape.
This work also contains several technical advances
which will be helpful for future applications of the SFRG
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to quantum spin systems. Of particular importance are
the following three points:
1. The construction of the hybrid functional ΓΛ[m, φ]
in Eq. (2.9) which generates vertices which are ir-
reducible in the transverse propagator line and in
the longitudinal interaction line. This functional
satisfies the Wetterich equation (2.15) and has a
well-defined initial condition even if we start from
a deformed Hamiltonian where the exchange in-
teractions are completely switched off. The two-
point functions generated by this functional can
be identified physically with the self-energy ΣΛ(K)
of the transverse magnons and the irreducible po-
larization ΠΛ(K) of longitudinal spin fluctuations.
This establishes the precise relation between our
SFRG approach and the diagrammatic method for
quantum spin systems developed by VLP2,3 and by
others.4,44
2. The use of the Ward identity (4.13) to obtain a
closed flow equation for the magnetization. This
is crucial in the regime where the spin-rotational
symmetry is spontaneously broken and the magnon
spectrum is gapless. The Ward identity guaran-
tees in this case that the gap in the magnon spec-
trum vanishes in the entire symmetry broken phase
without fine-tuning the initial conditions. Note also
that, in contrast to Takahashi’s modified spin-wave
theory,23,24 in our approach we do not assume a
priori that for H = 0 the magnetization vanishes in
two dimensions.
3. In a deformation scheme where initially the ex-
change interactions are completely switched off, the
initial condition for the renormalization group flow
is determined by the connected imaginary-time or-
dered correlation functions of a single spin in a mag-
netic field. The diagrammatic calculation of these
correlation function using the generalized Wick the-
orem for spin operators derived by VLP2,3 are
rather cumbersome. We have derived an explicit
recursive form of the generalized Wick theorem for
spin operators in frequency space, see Eq. (B 14),
which provides us with an efficient method to cal-
culate the higher-order connected spin correlation
functions.
Another challenging problem where our SFRG ap-
proach promises to be useful is the calculation of the
longitudinal part of the dynamic structure factor of an or-
dered ferromagnet. VLP3 suggested that for sufficiently
small wave-vectors the longitudinal structure factor of an
ordered ferromagnet should exhibit a diffusive peak at
vanishing frequency and two inelastic peaks at frequen-
cies corresponding to the magnon energies. However, the
diagrammatic resummation within the framework of the
spin-diagrammatic approach to confirm this scenario has
not been found.3,45 Recently, it has been shown by means
of a kinetic equation approach that in the absence of
momentum-relaxing scattering processes (such as Umk-
lapp processes or scattering by disorder) the longitudi-
nal structure factor of a two-dimensional ferromagnet in
a magnetic field exhibits a linearly dispersing hydrody-
namic sound mode at low frequencies, which is induced
by fluctuations of the magnon density.43 In three dimen-
sions, such a mode was also found by Izyumov et al.44 by
means of the spin-diagram technique.2–4 It would be in-
teresting to see whether such a sound-like magnon mode
can also be obtained within our SFRG approach.
Finally, let us point out that our SFRG approach can
be extended in many directions. Our goal is to develop
our method to become a useful tool for studying vari-
ous types of frustrated spin systems in the regime with-
out long-range magnetic order. Note that in the past
few years these types of systems have been studied us-
ing the so-called pseudofermion FRG,15–18 which relies
on the represention of the spin-1/2 operators in terms of
fermionic operators.19 The unphysical states which are
introduced by this representation have to be projected
out which in practice can only be achieved approximately.
This problem does not arise within our SFRG approach
where we directly work with the physical spin operators.
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APPENDIX A: WARD IDENTITY AND
HIERARCHY OF EQUATIONS OF MOTION
In the regime where the spin-rotational invariance is
spontaneously broken, Goldstone’s theorem guarantees
that the energy dispersion of the spin-waves is gapless
for vanishing external field H → 0. To construct a trun-
cation of the SFRG flow equations which does not violate
this, it is crucial to take into account an exact Ward iden-
tity forcing the vanishing of the spin-wave gap when M
remains finite for H → 0. To derive this Ward iden-
tity, consider the imaginary time Heisenberg equation of
motion for the spin operator Si(τ) with deformed Hamil-
tonian HΛ = H0 + VΛ given by Eqs. (2.3) and (2.4) un-
der the influence of an additional fluctuating source field
hi(τ). Writing for simplicity J
⊥
ij = J
⊥
Λ,ij and J
z
ij = J
z
Λ,ij ,
and choosing our coordinate system such that the uni-
form magnetic field H = Hez points in z-direction ez,
the Heisenberg equation of motion for the spin operators
Si = S
z
i ez + S
⊥
i = S
‖
i + S
⊥
i in imaginary time can be
written as
i∂τSi(τ) = Si(τ)×
[
H + hi(τ)
−
∑
j
(
JzijS
‖
j + J
⊥
ijS
⊥
j (τ)
)]
. (A1)
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Taking the source-dependent average of both sides of
Eq. (A1) we obtain
i∂τ 〈Si(τ)〉h = 〈Si(τ)〉h ×
[
H + hi(τ)−
∑
j
(
Jzij〈S‖j (τ)〉h + J⊥ij 〈S⊥j (τ)〉h
)]
−
∑
j
(
Jzij〈δSi(τ)× δS‖j (τ)〉h + J⊥ij 〈δSi(τ)× δS⊥j (τ)〉h
)
, (A2)
where δSi(τ) = Si(τ)− 〈Si(τ)〉h and the average symbol is defined as follows,
〈. . .〉h =
Tr
[
e−βH0T e
∫ β
0
dτ [
∑
i hi(τ)·Si(τ)−VΛ(τ)] . . .
]
Tr
[
e−βH0T e
∫ β
0
dτ [
∑
i hi(τ)·Si(τ)−VΛ(τ)]
] . (A3)
By definition, the averages in Eq. (A2) can be expressed in terms of the derivatives of the generating functional GΛ[h]
of the connected imaginary-time spin correlation functions defined in Eq. (2.5). It is convenient to express the part
of the source field hi(τ) which is perpendicular to the external magnetic field in terms of the spherical components
h±i (τ) =
1√
2
[hxi (τ)± ihyi (τ)] . (A4)
Then Eq. (A2) reduces to the following three identities
∂τ
[
δGΛ
δhzi (τ)
]
=
δGΛ
δh−i (τ)
h−i (τ)−
δGΛ
δh+i (τ)
h+i (τ)
−
∑
j
J⊥ij
[
δGΛ
δh−i (τ)
δGΛ
δh+j (τ)
− δGΛ
δh+i (τ)
δGΛ
δh−j (τ)
+
δ2GΛ
δh−i (τ)δh
+
j (τ)
− δ
2GΛ
δh+i (τ)δh
−
j (τ)
]
, (A5a)
∂τ
[
δGΛ
δh+i (τ)
]
=
δGΛ
δh+i (τ)
[H + hzi (τ)]−
δGΛ
δhzi (τ)
h−i (τ)
−
∑
j
[
Jzij
δGΛ
δh+i (τ)
δGΛ
δhzj (τ)
− J⊥ij
δGΛ
δhzi (τ)
δGΛ
δh+j (τ)
+ Jzij
δ2GΛ
δh+i (τ)δh
z
j (τ)
− J⊥ij
δ2GΛ
δhzi (τ)δh
+
j (τ)
]
, (A5b)
∂τ
[
δGΛ
δh−i (τ)
]
= − δGΛ
δh−i (τ)
[H + hzi (τ)] +
δGΛ
δhzi (τ)
h+i (τ)
+
∑
j
[
Jzij
δGΛ
δh−i (τ)
δGΛ
δhzj (τ)
− J⊥ij
δGΛ
δhzi (τ)
δGΛ
δh−j (τ)
+ Jzij
δ2GΛ
δh−i (τ)δh
z
j (τ)
− J⊥ij
δ2GΛ
δhzi (τ)δh
−
j (τ)
]
. (A5c)
To derive the Ward identity (4.11), we take another func-
tional derivative δ
δh+n (τ ′)
of Eq. (A5c) and then set all
sources equal to zero. For an isotropic ferromagnet with
Jzij = J
⊥
ij = −Vij the resulting equation of motion for
the transverse two-spin correlation function in real space
and imaginary time can be written as
∂τG
+−
in (τ − τ ′) = −HG+−in (τ − τ ′) + δinδ(τ − τ ′)M
+
∑
j
Vij
[
G+−in (τ − τ ′)M −G+−jn (τ − τ ′)M
+G+−zinj (τ, τ
′, τ)−G+−zjni (τ, τ ′, τ)
]
, (A6)
where M = 〈Szi (τ)〉 is the local moment for the system
with deformed HamiltonianHΛ in the absence of sources,
i.e. for hi(τ) = 0. Summing both sides of this equation
over the site label i and integrating
∫ β
0
dτ we see that the
last term on the right-hand side vanishes due to the anti-
symmetry of the terms in the square braces with respect
to i ↔ j, while the left-hand side vanishes due to the
periodicity of the imaginary time spin correlation func-
tions. Noting that the uniform transverse susceptibility
is given by
χ⊥ = G+−(K = 0) =
∫ β
0
dτ
∑
i
G+−in (τ − τ ′), (A7)
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we finally arrive at the Ward identity41 χ⊥ = M/H, see
Eq. (4.11) of the main text.
By successively taking higher order derivatives of the
functional relations (A5a–A5c), we can derive equations
of motion for all higher order connected spin correlation
functions. For example, starting from the third relation
(A5c) we can obtain the equations of motion for the con-
nected spin correlation functions
G(n,n,m)(X1, · · · , Xn;X ′1, . . . , X ′n;X ′′1 , . . . , X ′′m) = G
n︷ ︸︸ ︷
+ · · ·+
n︷ ︸︸ ︷
− · · ·−
m︷ ︸︸ ︷
z · · · z(X1, · · · , Xn;X ′1, . . . , X ′n;X ′′1 , . . . , X ′′m)
(A8)
involving 2n ≥ 2 transverse andm longitudinal spin components by taking n derivatives with respect to the h+-sources,
n − 1 derivatives with respect to the h−-sources, and m derivatives with respect to the hz-sources. In Eq. (A8) the
symbols Xi = (ri, τi) are collective labels representing the lattice sites ri and the imaginary time τi. Transforming
all objects to momentum-frequency space,
G(n,n,m)(X1, · · · , Xn;X ′1, . . . , X ′n;X ′′1 , . . . , X ′′m) =
∫
K1
. . .
∫
Kn
∫
K′1
. . .
∫
K′n
∫
K′′1
. . .
∫
K′′m
ei
∑n
i=1(KiXi+K
′
iX
′
i)+i
∑m
i=1 K
′′
i X
′′
i
×δ
(∑n
i=1
(Ki +K
′
i) +
∑m
i=1
K ′′i
)
G(n,n,m)(K1, · · · ,Kn;K ′1, . . . ,K ′n;K ′′1 , . . . ,K ′′m), (A9)
where KiXi = ki · ri − ωiτi, we obtain the following infinite hierarchy of equations,
(H − iω1)G(n,n,m)(K1,K2 . . .Kn;K ′1 . . .K ′n;K ′′1 . . .K ′′m) =
−
m∑
ν=1
G(n,n,m−1)(K1 +K ′′ν ,K2 . . .Kn;K
′
1 . . .K
′
n;K
′′
1 . . . /K
′′
ν . . .K
′′
m)
+
n∑
ν=1
G(n−1,n−1,m+1)(K2 . . .Kn;K ′1 . . . /K
′
ν . . .K
′
n;K
′′
1 . . .K
′′
m,K1 +K
′
ν)
+
n−1∑
ν=0
m∑
µ=0
S(+)K2...Kν+1;Kν+2...KnS
(−)
K′1...K′ν ;K
′
ν+1...K
′
n
S(z)K′′1 ...K′′µ ;K′′µ+1...K′′m
{
[
Jz
(∑ν
i=1
(ki+1 + k
′
i) +
∑µ
i=1
k′′i
)
− J⊥
(
k1 +
∑ν
i=1
(ki+1 + k
′
i) +
∑µ
i=1
k′′i
)]
×G(ν,ν,µ+1)
(
K2 . . .Kν+1;K
′
1 . . .K
′
ν ;K
′′
1 . . .K
′′
µ ,−
∑ν
i=1
(Ki+1 +K
′
i)−
∑µ
i=1
K ′′i
)
×G(n−ν,n−ν,m−µ)
(
K1 +
∑ν
i=1
(Ki+1 +K
′
i) +
∑µ
i=1
K ′′i ,Kν+2 . . .Kn;K
′
ν+1 . . .K
′
n;K
′′
µ+1 . . .K
′′
m
)}
+
∫
Q
[Jz(q)− J⊥(k1 + q)]G(n,n,m+1)
(
K1 +Q,K2 . . .Kn;K
′
1 . . .K
′
n;K
′′
1 . . .K
′′
m,−Q
)
, (A10)
where the slashed symbol /K
′′
ν in the list K
′′
1 . . . /K
′′
ν . . .K
′′
m
means that K ′′ν should be deleted from the list, and the
operators S(α) (where α = +,−, z) symmetrize all ex-
pressions with respect to permutations of the K-labels
belonging to the same spin component, see Ref. [6] for
an explicit definition of these operators. To obtain the
equations of motion of purely longitudinal correlation
functions, we take functional derivatives of the first equa-
tion (A5a) with respect to the longitudinal sources and
then set all sources equal to zero. Note that only the
terms involving the second functional derivative in the
second line of Eq. (A5a) survive in this limit, which in
Fourier space involve a loop integral. If we deform our
model such that the loop integrations are small (this is
the case in the presence of a strong external magnetic
field, or if the exchange interaction is long-ranged), then
all terms involving loops can be dropped. We call this the
tree-approximation. In this limit we can solve the simpli-
fied hierarchy of flow equations recursively, because the
right-hand side of the hierarchy (A10) involves correla-
tion functions of the same order as the left-hand side with
the same arguments or of lower order. In Appendix C
we explicitly give the tree-approximation for the vertices
with up to four external legs.
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APPENDIX B: GENERALIZED BLOCKS AND
WICK THEOREM FOR SPIN OPERATORS
For vanishing exchange interaction the sites are com-
pletely decoupled so that all spin-correlation functions
are diagonal in the site index. The on-site time-ordered
spin correlation functions can then be expanded in fre-
quency space as follows,
Gα1...αn0 (τ1, . . . , τn) ≡ 〈T [Sα1(τ1) . . . Sαn(τn)]〉connected
=
1
βn
∑
ω1...ωn
e−i(ω1τ1+...+ωnτn)G˜α1...αn0 (ω1, . . . , ωn).
(B 1)
Translational invariance in imaginary time implies that
we can factor out a frequency-conserving δ-function,
G˜α1...αn0 (ω1, . . . , ωn)
= δ(ω1 + · · ·+ ωn)Gα1...αn0 (ω1, . . . , ωn), (B 2)
where we have introduced the discretized δ-function in
frequency space,
δ(ω) = βδω,0. (B 3)
In the book by Izyumov and Skryabin4 time-ordered con-
nected spin correlation functions Gα1...αn0 (ω1, . . . , ωn) are
called generalized blocks. In the local limit the longitu-
dinal correlations are purely static and can be expressed
in terms of the derivatives of the Brillouin function,
G˜zz0 (ω1, ω2) = δ(ω1)δ(ω2)b
′, (B 4)
G˜zzz0 (ω1, ω2, ω3) = δ(ω1)δ(ω2)δ(ω3)b
′′, (B 5)
G˜zzzz0 (ω1, ω2, ω3, ω4) = δ(ω1)δ(ω2)δ(ω3)δ(ω4)b
′′′. (B 6)
The transverse two-spin correlation functions are
G˜+−0 (ω, ω
′) = δ(ω + ω′)G0(ω), (B 7)
G˜−+0 (ω, ω
′) = δ(ω + ω′)G0(−ω), (B 8)
where
G0(ω) =
b
H − iω , (B 9)
and the spin-S Brillouin function b = b(βH) is given in
Eq. (3.22). The mixed three-spin correlation function is
bG+−z0 (ω1, ω2, ω3) = −G0(ω1)G0(−ω2) +G0(ω1)δ(ω3)b′,
(B 10)
and the purely transverse connected four-spin correlation
function is
b2G++−−0 (ω1, ω2, ω3, ω4) =
−G0(ω1)G0(ω2)[G0(−ω3) +G0(−ω4)]
+G0(ω1)G0(ω2)[δ(ω1 + ω3) + δ(ω1 + ω4)]b
′. (B 11)
There is also a mixed four-spin correlation function in-
volving two transverse and two longitudinal spin compo-
nents,
b2G+−zz0 (ω1, ω2, ω3, ω4) =
G0(ω1)G0(−ω2)[G0(ω1 + ω3) +G0(ω1 + ω4)]
−G0(ω1)G0(−ω2)[δ(ω3) + δ(ω4)]b′
+G0(ω1)δ(ω3)δ(ω4)bb
′′. (B 12)
The higher-order connected spin correlation functions
can in principle be calculated diagrammatically using
the generalized Wick theorem for spin operators derived
by VLP.2 Since the diagrammatic approach is rather te-
dious, we have developed an alternative method to gener-
ate the higher-order connected spin correlation functions
in frequency space based on the hierarchy of equations
of motion given in Eq. (A10). Noting that in the limit
of vanishing exchange couplings only the first two terms
on the right-hand side of Eq. (A10) survive, and denot-
ing the resulting local limit of the connected correlation
function by
G
(n,n,m)
0 (ω1 . . . ωn;ω
′
1 . . . ω
′
n;ω
′′
1 . . . ω
′′
m) = G
n︷ ︸︸ ︷
+ · · ·+
n︷ ︸︸ ︷
− · · ·−
m︷ ︸︸ ︷
z · · · z
0 (ω1 . . . ωn;ω
′
1 . . . ω
′
n;ω
′′
1 . . . ω
′′
m) (B 13)
we obtain from Eq. (A10) the following expression relating the correlation function involving 2n transverse and m
longitudinal spin components to a linear combination of connected correlation functions involving at most 2n+m− 1
spins,
bG
(n,n,m)
0 (ω1 . . . ωn;ω
′
1 . . . ω
′
n;ω
′′
1 . . . ω
′′
m) = −G0(ω1)
m∑
ν=1
G
(n,n,m−1)
0 (ω1 + ω
′′
ν , ω2 . . . ωn;ω
′
1 . . . ω
′
n;ω
′′
1 . . . /ω
′′
ν . . . ω
′′
m)
+G0(ω1)
n∑
ν=1
G
(n−1,n−1,m+1)
0 (ω2 . . . ωn;ω
′
1 . . . /ω
′
ν . . . ω
′
n;ω
′′
1 . . . ω
′′
m, ω1 + ω
′
ν), (B 14)
where the slashed symbol /ω
′′
ν in the list ω
′′
1 . . . /ω
′′
ν . . . ω
′′
m
means that ω′′ν should be omitted. The recur-
sion relation (B 14) can be viewed as an algebraic
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form of the generalized Wick theorem for spin op-
erators. By iterating this relation, we can express
G
(n,n,m)
0 (ω1 . . . ωn;ω
′
1 . . . ω
′
n;ω
′′
1 . . . ω
′′
m) as a linear com-
bination of terms involving products of the transverse
propagators G0(ω) and purely longitudinal blocks
G
k︷ ︸︸ ︷
z · · · z
0 (ω1 . . . ωk) =
(
k−1∏
i=1
δ(ωi)
)
b(k−1) (B 15)
up to k = n + m, where b(k) denotes the k-th derivative
of the Brillouin function.
The corresponding irreducible vertices can be obtained
from the usual tree-expansion.6 The longitudinal vertices
are simply given by the negative of the corresponding
generalized blocks,
Γzz0 (ω) = −δ(ω)b′, (B 16)
Γzzz0 (ω1, ω2, ω3) = −δ(ω1)δ(ω2)b′′, (B 17)
Γzzzz0 (ω1, ω2, ω3, ω4) = −δ(ω1)δ(ω2)δ(ω3)b′′′. (B 18)
The transverse two-point vertex is
Γ+−0 (ω) =
H − iω
b
= G−10 (ω), (B 19)
and the mixed three-point vertex is related to the mixed
three-spin correlation function via
Γ+−z0 (ω1, ω2, ω3) =
−G−10 (−ω1)G−10 (ω2)G+−z0 (−ω1,−ω2,−ω3), (B 20)
which gives
bΓ+−z0 (ω1, ω2, ω3) = 1−G−10 (ω2)δ(ω3)b′. (B 21)
The transverse and the mixed four-point vertices are de-
fined by
Γ++−−0 (ω1, ω2, ω3, ω4) = −G−10 (−ω1)G−10 (−ω2)G−10 (ω3)G−10 (ω4)G++−−0 (−ω1,−ω2,−ω3,−ω4), (B 22)
Γ+−zz0 (ω1, ω2, ω3, ω4) = −G−10 (−ω1)G−10 (−ω2)G+−zz0 (−ω1,−ω2,−ω3,−ω4)
+
{
Γ+−z0 (ω1,−ω1 − ω3, ω3)G0(−ω1 − ω3)Γ+−z0 (−ω2 − ω4, ω2, ω4) + (ω3 ↔ ω4)
}
, (B 23)
which gives
b2Γ++−−0 (ω1, ω2, ω3, ω4) = G
−1
0 (ω3) +G
−1
0 (ω4)
−[δ(ω1 + ω3) + δ(ω1 + ω4)]b′G−10 (ω3)G−10 (ω4),
(B 24)
and
b2Γ+−zz0 (ω1, ω2, ω3, ω4) = −[δ(ω3) + δ(ω4)]b′
+δ(ω3)δ(ω4)G
−1
0 (ω2)[2(b
′)2 − bb′′]. (B 25)
In a cutoff scheme where initially the exchange interac-
tion is completely switched off, the above expressions for
the vertices define the initial condition for the SFRG flow
equations. Note, however, that in a scheme where the
longitudinal exchange interaction Jz(k = 0) for vanish-
ing momentum is not modified by the deformation, the
bare external field H should be replaced by H+φ0, where
φ0 = −Jz(k = 0)M0 is the exchange correction to the
external magnetic field in mean-field approximation, see
Eq. (3.20).
APPENDIX C: TREE-APPROXIMATION FOR
CORRELATION FUNCTIONS AND VERTICES
For the approximate solution of the SFRG flow equa-
tions it is convenient to include the exchange couplings
between different spins at the initial scale within the tree-
approximation, which graphically amounts to neglect-
ing all diagrams involving closed loops. In the spirit of
VLP,2 we therefore assume that the exchange interac-
tion is long-ranged so that its Fourier transform is domi-
nated by momenta |k| . k0  1/a, where a is the lattice
spacing. Loop integrations over momenta are then sup-
pressed by powers of k0a, so that perturbation theory in
powers of loops is controlled by the small parameter k0a.
To leading order, we may simply neglect all loops (tree-
approximation). As discussed in Appendix A, in this
limit the infinite hierarchy of equations of motion decou-
ples. To simplity our notation, let us rename here the
Fourier transform of the exchange couplings as follows,
Jz(k) = −V zk , J⊥(k) = −V ⊥k . (C 1)
The tree-approximation for the transverse propagator is
G0(K) = G0(k, iω) =
M0
H + Ek − iω , (C 2)
where the magnetization M0 in self-consistent mean-
field approximation is defined in Eq. (3.21), and Ek =
M0(V
z
0 − V ⊥k ) is the magnon dispersion. The longitu-
dinal effective interaction is in tree-approximation given
by
F0(K) = F0(k, iω) =
V zk
1− δ(ω)b′V zk
, (C 3)
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while the tree-approximation for the mixed three-spin
correlation function can be written as
M0G
+−z
tree (K1,K2,K3) = −G0(K1)G0(−K2)
{
1− [G−10 (−K2) + V ⊥k2 − V zk3] δ(ω3)b′1− βb′V zk3
}
. (C 4)
The transverse four-spin correlation function is in tree-approximation given by
M20G
++−−
tree (K1,K2,K3,K4) = −G0(K1)G0(K2)G0(−K3)G0(−K4)
{
G−10 (−K3) + V ⊥k3 − V zk1+k3
− δ(ω1 + ω3)b
′
1− βV zk1+k3b′
[
G−10 (−K3) + V ⊥k3 − V zk1+k3
] [
G−10 (−K4) + V ⊥k4 − V zk1+k3
]
+ (K3 ↔ K4)
}
, (C 5)
and the mixed four-spin correlation function can be written as
M20G
+−zz
tree (K1,K2,K3,K4) =
G0(K1)G0(−K2)
[1− δ(ω3)b′V zk3 ][1− δ(ω4)b′V zk4 ]
{
G−10 (−K2) + V ⊥k2 − V zk3+k4
1− βb′V zk3+k4
δ(ω3)δ(ω4)M0b
′′
+
{
G0(K1 +K3)
[
1 + δ(ω3)b
′V ⊥k1+k3
][
1− δ(ω4)b′
(
G−10 (−K2) + V ⊥k2
)]
+ (K3 ↔ K4)
}}
. (C 6)
Note that for vanishing exchange couplings Eqs. (C 4, C 5, C 6) reduce to the corresponding generalized blocks given
in Eqs. (B 10, B 11, B 12).
Given the connected spin correlation functions, we can construct the corresponding irreducible vertices generated
by our hybrid functional ΓΛ[m, φ] defined in Eq. (2.9) using the general relations
6
Γ+−z(K1,K2,K3) = −G−1(−K1)G−1(K2)[1− Vk3Π(K3)]G+−z(−K1,−K2,−K3), (C 7)
Γ++−−(K1,K2,K3,K4) = −G−1(−K1)G−1(−K2)G−1(K3)G−1(K4)G++−−(−K1,−K2,−K3,−K4)
+
{
Γ+−z(K1,K3,−K1 −K3)F (−K1 −K3)Γ+−z(K2,K4,−K2 −K4) + (K3 ↔ K4)
}
,
(C 8)
Γ+−zz(K1,K2,K3,K4) = −G−1(−K1)G−1(K2)[1− Vk3Π(K3)][1− Vk4Π(K4)]G+−zz(−K1,−K2,−K3,−K4)
+
{
Γ+−z(K1,−K1 −K3,K3)G(−K1 −K3)Γ+−z(−K2 −K4,K2,K4) + (K3 ↔ K4)
}
+Γzzz(K3,K4,−K3 −K4)F (−K3 −K4)Γ+−z(K1,K2,−K1 −K2). (C 9)
The two-point vertices Γ+−tree(K) and Γ
zz
tree(K) in tree-approximation are given in Eqs. (3.23) and (3.24) of the main
text. Substituting the tree-approximation G+−ztree (K1,K2,K3) given in Eq. (C 4) for the mixed three-spin correlation
function on the right-hand side of Eq. (C 7) we obtain
M0Γ
+−z
tree (K1,K2,K3) = 1−
[
G−10 (K2) + V
⊥
k2
]
δ(ω3)b
′ = 1−G−11 (ω2)δ(ω3)b′, (C 10)
where we have used the fact that the inverse of the local transverse propagator in mean-field approximation can be
written as
G−10 (K) + V
⊥
k =
H +M0(V
z
0 − V ⊥k )− iω
M0
+ V ⊥k =
H +M0V
z
0 − iω
M0
≡ G−11 (ω). (C 11)
Note that with the substitutions b→M0 andG−10 (ω2)→ G−11 (ω2) the mixed three-legged vertex in tree-approximation
can be obtained from the corresponding irreducible vertex for vanishing exchange interaction given in Eq. (B 21).
Next, consider the transverse four-point vertex in tree-approximation,
M20 Γ
++−−
tree (K1,K2,K3,K4) = G
−1
0 (K3) +G
−1
0 (K4) + V
⊥
k3 + V
⊥
k4 − V zk1+k3 − V zk1+k4
−
{
δ(ω1 + ω3)b
′
1− βV zk1+k3b′
(
G−10 (K3) + V
⊥
k3 − V zk1+k3
) (
G−10 (K4) + V
⊥
k4 − V zk1+k3
)
+ (K3 ↔ K4)
}
+
{
M0Γ
+−z
tree (K1,K3,−K1 −K3)F0(−K1 −K3)M0Γ+−ztree (K2,K4,−K2 −K4) + (K3 ↔ K4)
}
. (C 12)
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In the last line we substitute again the tree-approximation (C 10) for the three-point vertices and obtain after some
re-arrangements
M20 Γ
++−−
tree (K1,K2,K3,K4) = G
−1
1 (ω3) +G
−1
1 (ω4)− [δ(ω1 + ω3) + δ(ω1 + ω4)]b′G−11 (ω3)G−11 (ω4), (C 13)
which again can be obtained from the corresponding expression (B 24) for vanishing exchange couplings by replacing
G0(ω)→ G1(ω). Finally, consider the mixed four-point vertex,
M20 Γ
+−zz
tree (K1,K2,K3,K4) = −
G−10 (−K2)− V zk3+k4
1− βb′V zk3+k4
δ(ω3)δ(ω4)M0b
′′
−G0(K1 +K3)−G0(K1 +K4) +G−10 (−K2)
[
G0(K1 +K3)δ(ω4) +G0(K1 +K4)δ(ω3)
]
b′
+
{
M0Γ
+−z
tree (K1,−K1 −K3,K3)G0(K2 +K4)M0Γ+−ztree (−K2 −K4,K2,K4) + (K3 ↔ K4)
}
+M0Γ
zzz
tree(K3,K4,−K3 −K4)F0(−K3 −K4)M0Γ+−ztree (K1,K2,−K1 −K2). (C 14)
Substituting Eqs (C 10) and (B 17) for the three-point vertices we finally obtain
M20 Γ
+−zz
tree (K1,K2,K3,K4) = −
[
δ(ω3)[1− V ⊥k2+k4G0(K2 +K4)] + δ(ω4)[1− V ⊥k2+k3G0(K2 +K3)]
]
b′
+δ(ω3)δ(ω4)G
−1
1 (ω2)
[
[2− V ⊥k2+k4G0(K2 +K4)− V ⊥k2+k3G0(K2 +K3)](b′)2 −M0b′′
]
. (C 15)
In the limit of vanishing exchange interaction we re-
cover again the corresponding single-site irreducible ver-
tex given in Eq. (B 25). In a deformation scheme
where initially only the transverse exchange interaction
is switched off, the tree-approximation defines the initial
condition for the SFRG flow provided the range of the
longitudinal exchange interaction is sufficiently large so
that the momentum integrations are suppressed by the
inverse interaction range.
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